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ABSTRACT

Data-driven approaches for diagnosing and predicting the
health of engineering systems require sufficient training data
to achieve reliable performance. However, despite its high
practical relevance, the question of how much data are ac-
tually required has not yet been systematically investigated.
This paper presents and evaluates two complementary ap-
proaches to answering this question. Approach I fits para-
metric functions to the initial segments of learning curves and
extrapolates them to estimate the amount of training data re-
quired to achieve a target classification accuracy. Approach
II introduces a training-free, entropy-based stopping criterion
that uses the gradient of normalized entropy (GNE). The in-
formation gain from the data collected over time is monitored
to determine whether further data acquisition is necessary.
Both approaches are evaluated using a dataset for fault classi-
fication in rolling bearings, employing a multi-layer percep-
tron classifier and randomly drawn, in-distribution test sets.
The results show that learning curve extrapolation enables
predictions of the required amount of data and that GNE can
serve as an effective online stopping rule during data acquisi-
tion due to the strong correlation between GNE and classifi-
cation accuracy. The two approaches complement each other:
entropy analysis can monitor the progress of data acquisition
in real time without model training, while learning curve ex-
trapolation provides quantitative estimates of the remaining
data requirements for specific accuracy targets.

1. INTRODUCTION

Data-driven approaches are widely used and empirically vali-
dated for diagnosing and predicting the health of engineering
systems. However, these approaches require sufficient train-
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ing data to cover the relevant state space and labels (Fink et
al., 2026; Zio, 2022; Arias Chao, Kulkarni, Goebel, & Fink,
2022). Consequently, the question arises: What exactly con-
stitutes sufficient? As demonstrated in Section 2, this question
has not been systematically examined in the scientific litera-
ture on diagnosing and predicting the health of engineering
systems. However, it is crucial for industrial practice to assess
whether the current dataset is sufficient and, if not, how much
additional data have to be generated. This need is especially
acute for fault diagnosis and health prediction, where data
originate from degradation runs that deliberately damage sys-
tems, making data generation highly resource-intensive (Guo,
Dai, & Zhang, 2025; Li et al., 2024; Hagmeyer, Mauthe, &
Zeiler, 2021). Therefore, it is crucial to determine how many
samples are required to achieve the performance targets set
for data-driven diagnostics and prognostics.

For this purpose, this paper investigates methods that aim
to answer precisely the aforementioned question. Specifi-
cally, we ask whether—given the currently available data—
the desired fault classification accuracy can be achieved and,
if not, how many additional samples are needed. The study
addresses an essential issue in the field of diagnostics and
prognostics—one that has been only sporadically investigated
across application domains and not at all for diagnostics and
prognostics, to the best of the authors’ knowledge. We fo-
cus on fault classification for rolling bearings as the diag-
nostic task. Our approaches comprise (i) modeling learning
curves to predict accuracy as a function of dataset size and (ii)
entropy analysis to assess the representativeness of the state
space.

Before we proceed, the concept of sufficiency must be clari-
fied, as it can refer to two different issues. In-distribution suf-
ficiency addresses the question of how many samples are re-
quired before the model’s performance reaches its saturation
point on data drawn from the same distribution as the avail-
able data. Operational sufficiency addresses the question of
whether the training data cover the relevant operational state
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space, so that the required performance is achieved even un-
der conditions not represented in the available data—such as
different loads, rotational speeds, bearing types, machines, or
failure severities. Both questions are relevant in practice and
are not synonymous: A dataset can be sufficient in the first
sense and insufficient in the second, since the saturation of
a learning curve merely indicates that no further information
can be gleaned from the sample distribution. The approaches
presented in this paper are formulated independently of this
distinction, whereas the evaluation conducted in Section 4 fo-
cuses on in-distribution sufficiency. Where data requirements
are quantified in the following, they therefore refer to this
context.

Therefore, this paper contains the following contributions:

1. Two approaches are presented for determining whether
sufficient data are available in machine learning (ML)
and for estimating how much additional data are needed.
As the literature presented in this paper shows, ML re-
search deals with these issues only very sporadically.

2. The approaches are comprehensively evaluated and dis-
cussed using the example of fault diagnosis—specifically
fault classification—and based on a wide variety of cri-
teria. The authors are not aware of any other work in the
field of fault diagnosis that addresses this issue.

3. In the learning curve analysis approach, five different
fit functions are analyzed for extrapolating the learning
curves and their suitability is compared.

4. A novel approach is presented that uses entropy analy-
sis to determine, without any training, whether sufficient
data are already available for training ML models.

The structure of this paper is as follows: Section 2 introduces
related work on predicting data requirements for ML meth-
ods. Section 3 describes the approaches used in this paper.
The evaluation use case and results are presented and dis-
cussed in Section 4. Finally, Section 5 provides a conclusion
and outlook.

2. RELATED WORK

Research on estimating the necessary amount of training data
Nyreq to achieve a required performance V;q in ML methods
is still in its infancy. Only a handful of thematically rele-
vant studies could be identified. Based on these studies, the
approaches can be divided into three categories that address
complementary questions: (1) learning curve extrapolation
for direct prediction of n,eq or prediction of the course of
the learning curve V' (n) over the amount of training data n,
(2) distribution or stability criteria as stop rules when n;.cq is
reached without explicit extrapolation, and (3) sample-value
estimation to identify high-value samples or regions (no di-
rect estimate of 7,¢q).

List of Symbols

Symbol Description

Acc(p) V (p) with classification accuracy as
performance metric

GNE(p) Gradient normalized entropy for p

H(n), H(p) Shannon entropy for n or p

Tsat Index of entropy saturation onset
Number of bins of the empirical
probability mass function (PMF)

M = |D| Number of samples in D

n Number of samples in Dt(g)in

N = |Dirain| Number of samples in Dy, ain

Nreqs Vieq Necessary training data samples
Nreq for a required performance

re:
P Rel%tive training subset size of
‘Ef;i.n . .

DAccreq Predicted required p for a classifica-
tion accuracy of Accyeq

Pht p of the initial fitting segment used
to fit V(p)

Dicas p with entropy saturation

red{l,...,k} Repetition index—for statistical
significance the evaluations are
repeated k-times

v Performance metric of a machine
learning model (various can be
used)

V(n), V(p) Learning curve over n or p

V(n), V(p) Learning curve estimate over n or p

xekX Feature vector

D Dataset

Diest = D\ Dirain~ Test set

Dirain C D Full training set

Igfgﬁ I(Pfic)

> “pred

Pf(ilt)fit ) , P(pfit)

Training subset

Fitting index set, evaluation index
set

Fitting set, evaluation set

pred
X C R? Feature space with ambient dimen-
siond € N
y={1,...,C} Label space of a C'-class classifica-
tion problem with mutually exclu-
sive classes (C' € N)
O Parameters of the learning curve fit

function

(1) Learning curve extrapolation: Learning curves V' (n)
refer to the test performance of an ML model over the avail-
able training dataset size n, whereby various performance
metrics V' can be used. The goal of learning curve extrapola-
tion is to fit the actual learning curve V' (n) with a monoton-
ically increasing or decreasing function from given learning
curve points, resulting in a learning curve estimate V(n) that
can be used for extrapolation. The functions used are typi-
cally saturating; non-saturating functions often exhibit quasi-
saturating behavior (marginal gain — 0) in the practical n
range. V(n) can be used to estimate the required number of
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samples n,eq for a target value Vieq (e.g., 80 % accuracy).
Crowther and Cox (2006) examine a differential saturation
model with exponential approximation to an asymptotic per-
formance Vi ax:

dvi(n) .
=k (Vi = V() M
with the solution
V(n) = Vinax — (Vinax — V/(0)) - e kn, 2)

It provides reliable fits for large datasets or simple classifi-
cation tasks (a simulation dataset and the real-world datasets
Abalone, Wisconsin Breast Cancer, and Dermatology), but
it is difficult to parameterize robustly for small and difficult-
to-classify datasets (Weed Seeds) (Crowther & Cox, 2006).
Figueroa, Zeng-Treitler, Kandula, and Ngo (2012) show for
classification of two clinical datasets and a synthetic wave-
form dataset that inverse power law models

V(n)=(1—a)—bn® (withe<0) 3)

approximate learning curves well. The selected weighted non-
linear regression improves the prediction compared to un-
weighted curve-fitting and allows confidence intervals of the
extrapolated performance metric. Mahmood, Lucas, Acuna,
et al. (2022) evaluate several concave, monotonically increas-
ing functions (power law, logarithm, algebraic root, arctan)
for computer vision tasks, such as classification, detection,
and segmentation. It is shown that even small fitting errors
in V(n) can lead to large errors in the nyeq estimate. Es-
pecially when fitting to initial learning curves with small n,
the extrapolations diverge. Fitting functions frequently show
systematic optimistic or pessimistic bias; therefore, the au-
thors recommend multiple estimation iterations with a cor-
rection factor 7, and using an ensemble of optimistic and pes-
simistic fits to bound the predicted n,.q. Arctan acts most
pessimistically across classification tasks, often yielding the
largest safety margin. In many cases, an ensemble of opti-
mistic and pessimistic functions provides practical bounds.
Whereas Mahmood, Lucas, Acuna, et al. (2022) extrapolate
the learning curve V' (n) to produce a point estimate of 7.,
Mahmood, Lucas, Alvarez, Fidler, and Law (2022) repeat-
edly fit V(n) to approximate a distribution over the mini-
mum required data. The final choice of n,cq is then posed
as a cost-risk optimization—minimizing expected acquisition
cost with a penalty controlling failure risk.

(2) Distribution or stability criteria (stopping rules): Sev-
eral approaches examine whether a given data distribution
is already sufficiently representative or stable—as a stopping
rule for further data acquisition. Thus, n,.q is determined by
distribution coverage without explicit extrapolation of V'(n).
Approaches can be purely data-based without model training
or model-based, where a (preliminarily) trained model serves

as a stability or uncertainty sensor (Estepa, Diaz-Verdejo, Es-
tepa, & Madinabeitia, 2020; Jo, Yun, & Choi, 2022). Data-
based approaches pursue the idea that data acquisition can
be terminated when the core characteristics of the distribu-
tion, e.g., vocabulary or entropy, no longer change. Estepa
et al. (2020) develop four distribution coverage indicators for
HTTP anomaly detection with unigram dictionaries: vocab-
ulary size i1, Xz-based distribution similarity io, entropy s,
and core word count 74. These indicators are smoothed us-
ing exponentially weighted moving averages. Stability is de-
fined by the coefficient of variation of the smoothed time se-
ries in a defined window relative to a threshold value and a
minimum duration. A stop occurs when (i1,42) or (i3,%4)
are stable. Empirically, this allows for significant reductions
in unnecessary data acquisition without resulting in perfor-
mance decreases. Jo et al. (2022) investigate how much pas-
sive learning is useful before starting active learning. They
introduce the metric Entropy of Sample-Uncertainty (EoU),
which quantifies how uniformly a model’s predictive uncer-
tainty is distributed across a dataset. An untrained model is
uncertain about nearly all samples (high, near-uniform EoU),
whereas a better-trained model concentrates uncertainty on a
smaller subset (lower EoU). A threshold 7 is set such that,
when EoU < 7, the procedure switches from passive to ac-
tive learning. The method requires a preliminarily trained
model to obtain predictive uncertainties, provides a stop rule
without extrapolating V'(n), and does not directly estimate
Nreq- The approach is evaluated on the MNIST, CINIC-10,
and CIFAR-10/100 datasets.

(3) Sample-value estimation: This category aims to assess
the marginal value of samples or regions for model perfor-
mance, rather than estimating the required data size nyeq.
Bachoc, Gamboa, Halford, Loubes, and Risser (2023) con-
struct targeted deformations (referred to as “stresses”) of the
empirical test distribution (),, to obtain a stressed distribution
Qn that perturbs means, variances, or correlations. Closeness
to @, is enforced by minimizing the Kullback-Leibler diver-
gence Dir(Qy || Q). Instead of synthesizing new points,
the existing observations are reweighted, thereby preventing
the occurrence of out-of-distribution artifacts. The method
identifies where the model is sensitive—and thus where addi-
tional data would be most effective—but does not provide a
direct n,eq estimate. Xie, Ding, Tomizuka, and Zhan (2023)
propose a subset selection approach that embeds images with
a general-purpose pretrained vision model and uses feature-
space similarity to select a small, diverse, and representative
subset. The method efficiently surfaces high-value regions
of the data distribution, but does not estimate n,.q. Related
questions about sample-value are also studied in active learn-
ing (Chen et al., 2019; Gwon, Hwang, Kim, Ok, & Kwak,
2025).

In conclusion, it can be noted that all three categories ex-
amine the scale of datasets, but with slightly different ob-
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Dataset (size M)

Full training set (size N)

Subset 1 (sizepy - N) ~ Subset 2 (sizep, - N) - Subset 3 (size ps - N)

Approach I: Extrapolation of Learning Curves

1. Generating subset learning curves for
each training subset size.

2. Fitting and extrapolating the learning curve depending on
the training subset size.

Extrapolation

Target accuracy

Accuracy

L

/
/

Fitting

/ points

Predicted training data size
required to achieve the
accuracy threshold

Training subset size

Test set (size M — N)

Subset i (size p; - N)

[ ° P
o

o ® o 4 e

Approach II: Analysis of the Entropy within Data

Calculate the change in normalized entropy as the training
subset size increases, resulting in the gradient normalized

entropy (GNE): = =
H"(p) — H"(pi-1)
A GNE(p,) = %
P

I\

NE

\
\

Data acquisition Training subset size
terminated

Figure 1. Visualization of the two approaches investigated in this paper. Both approaches are applied to the same training
subsets and evaluated with the same test sets, to enable comparability. While Approach I aims to predict the future course of
learning curves in order to estimate how much additional data are needed, Approach II evaluates whether sufficient data are

available or further data need to be generated.

jectives and approaches that require varying amounts of re-
sources. (1) Learning curve extrapolation provides an ex-
plicit estimate of n.q for a given V.4 but requires repeated
training or retraining of ML models at multiple n values and
is therefore computationally intensive. In addition, there is
specification uncertainty due to the choice of the functional
form for learning curve approximation, and there are also fit-
related estimation errors. (2) Distribution or stability criteria
define n,.q through sufficient coverage or stability of input
data or a trained model, but do not provide an extrapolation
of V(n). Purely data-based approaches do not require model
training. (3) Sample-value estimation methods typically rely
on forward passes—plus reweighting in stress tests—and aim
to locate high-value regions or samples. They do not directly
estimate nyeq.

The aim of this paper is to determine whether an existing
dataset is sufficient for training and, if not, how much ad-
ditional data are required. Accordingly, we focus on one ap-
proach of category (1) and category (2) each. The approach
of category (2) evaluates the adequacy of the current data sit-
uation, whereas the approach of category (1) estimates how
much additional data are needed. Note that (2) does not allow
specifying V,.q; the methods from (1) remain necessary for
this. Category (3) is of secondary importance for the present
study—it does not estimate nyeq.

3. METHODOLOGY

As explained in the previous section, this paper adapts ap-
proaches from categories (1) and (2) to assess whether a given
dataset is sufficient to train an ML fault classification model.
Category (1) is used to predict V'(n) via learning curve ex-
trapolation with several parametric fit functions, while an en-
tropy analysis of the available data is employed from category
(2). The remainder of this section is organized as follows.
Section 3.1 describes the process of obtaining learning curves
by repeatedly training classification models on nested training
subsets. These learning curves represent the ground truth for
the evaluations of the applied approaches explained in Sec-
tion 3.2 and Section 3.3. Section 3.2 details the used method-
ology for learning curve extrapolation, and in Section 3.3 the
entropy-based analysis of the available data is presented. In
Figure 1 both approaches are schematically illustrated.

3.1. Preparation: Generation of Learning Curves

To apply or evaluate the approaches described in Section 3.2
and Section 3.3, learning curves—defined as the true values
of a performance metric on a test set as a function of the train-
ing sample size—are required. Therefore, in the first step,
such learning curves are obtained by repeatedly training an
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ML model from scratch while increasing the amount of train-
ing data.

Let X C R? denote the feature space with ambient dimension
d € N. So, each instance is represented by a d-dimensional
feature vector x € X. Let Y = {1, ..., C} be the label space
of a C-class classification problem with mutually exclusive
classes (C' € N). A dataset is a finite set of input-label pairs

D= {(xi,y) L, C X x Y, 4)

with M = |D| as the number of samples. We partition D into
a full training set Diyain C D and a test set Diest = D\ Dirains
and write N = | Diyain| for the size of the full training set. To
generate learning curves, we construct nested training subsets
of Dtrain:

{DE:Z\)m}nGN ? D‘E:ﬁm = Dtraln ) |Dt€17r21n =n, (5)
N C{l,...,N}

such thatn < n/ = D), C p)

train train®
tion 7 of {1, ..., N} is fixed and

Concretely, a permuta-

E;La)m = {( X (i) yﬂ(i))}?:l? (6)
is defined, which ensures nesting and reproducibility.

The performance of the model on D is reported as a func-
tion of the size of the training subset, either V' (n) forn € N/
or V (p) for the relative size of the training subset p = n/N €
(0, 1], referred to as learning curve. In our use case, namely
ML fault diagnosis formulated as multi-class classification,
we use classification accuracy as the performance metric as a
function of p:

V(p) = Acc(p) =

Hgp(x) =y}, (D

1
|Dtest| Z

Y)EDyest

where §,, is trained on D™ with n = [pN|.

train

To average out stochastic variability, we repeat the split into
Dirain and Dyeg¢ k times with independent resampling. For
each repetition » € {1,...,k} we fix an independent per-

mutation 7(") to construct the nested Dérraﬁz This results in a

family of k learning curves {Acc( )(p) }le, where Acc™ (p)
is the accuracy obtained on split » when training on a fraction

p of Dt(rim and evaluating on the corresponding Dt(;),t. For
notatlonal simplicity, we suppress the resampling index 7 in
Section 3.2 and 3.3. All procedures are executed indepen-

dently for each 7.

3.2. Approach I: Extrapolation of Learning Curves

This approach is based on the learning curve extrapolation
described in Section 2. Given initial points of a learning curve
Acc(p), a parametric function Acc(p; ) is fitted to the initial

Algorithm 1: Procedure for fitting to the initial learning
curves and predicting the further course of the learning
curves via extrapolation. (For the purposes of this evalua-
tion, the analysis starts at an i-value of 5. )

Input: % learning curves {ACC(T)(p)} P = A{p},

with the corresponding Zg; and Zpreq; a fit function from
Egs. (9) to (13)

: ()99 \F
Output: Fitted curves {{Acc (p)}. ,}
1

1=9 r=

1 for all repetitions r with 1 < r < k do

2 for all observed fractions p; with 5 < i < 99 do
3 DPfit < Pi . )

4 Determine 6 by minimizing the weighted

least-squares loss Eq. (8) using Iéfm)

A" (p) ¢ Acepp, (1,)

6 return {{K\CC(M) (p)}?is}; = {K\CC(T) (P)}k

r=1

wm

segment only, and used to extrapolate to larger p. Therefore,
a threshold pg; € (0,1] is fixed. The observed fractions are
collected as P = {p;}7~, C (0, 1] sorted increasingly, i.e.,
p1§p2§ 'SpmSL

This results in the initial fitting index sets

If(izsﬁt) ={ie{l,....om}:p; <pa }={1,...,ia},

and the evaluation index sets

TP = {ie {1,

m} LD >pﬁt}:{iﬁt+1a-~-7m}7
with ig¢ := max{i : p; < pa¢}.

The corresponding subsets of observed fractions are

P(pht - {pl (1€ If(‘lzt)ﬁt) } = {p17 e ?pifit}7
Plglr):é) = {pt Z S I f::i) } {p1f1t+17 s 7p’m}-

To ensure that 6 is determinable in the weighted least squares
problem in Eq. (8), the following must hold: ig; > ¢, where
q is the number of free parameters of the chosen fitting func-
tion. With Ié]t)f“ ), the parameters 6 of the fit function K&:(p; 0)
are estimated by minimizing the weighted least-squares loss:

_ 2
Acc(p;; 0) — Ace(p;)
Ops, € arg min > < p . ®

1ezf(£m)

where o; > 0 are the per-observation weights.! The fitted

model is then used to extrapolate to larger training fractions

z'(pflt)

p > pge with the index set pred This allows, for example,

'Implemented with scipy.optimize.curve_fit using its default unconstrained
setting. Parameter constraints were not imposed during fitting in order to
preserve comparability across all five functions under uniform optimization
conditions.
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the required amount of training data nyeq = [PreqV] to be
estimated in order to achieve a desired accuracy Accycq by

solving Ka;(preq; Ops.) = AcCreq. The following fit func-
tions are used, as they occur frequently in the literature:

* Algebraic root

Acc(p) =a+b-/p 9)

* Arctan L
Acc(p) = a+ b - arctan (c - p) (10)

* Exponential approximation to asymptotic performance
(referred to as “exponential”)

Acc(p) =a—(a—b) e™°7 (1
* Logarithmic
Acc(p) = a+b-log,(p) (12)
* Power law
Ace(p) = (1—a) —b-p° (13)

The algebraic root and logarithmic functions each have ¢ = 2
free parameters, while ¢ = 3 for the arctan, exponential, and
power law functions. Each of these functions exhibits dis-
tinct mathematical properties. One important difference is
whether the function is upper-bounded. The exponential and
arctan functions are upper-bounded and saturate toward an
asymptote, whereas the logarithmic and algebraic root func-
tions grow without bound. The power law function can be
either unbounded or bounded from above depending on the
signs and magnitudes of b and c. Beyond boundedness, the
functions also differ in flexibility, growth rate, curvature, and
behavior near p = 0, which affects how well they can fit the
learning curves.

In the evaluation in Section 4, we vary pg; incrementally—
thus enlarging Igzm)—to assess how increasing access to ini-

tial points of Acc(p) affects extrapolated predictions Kc\c(p)
So, the prediction is updated with each step in which the net-
work training subset is enlarged. One can summarize the pro-
cedure described with the pseudocode shown in Algorithm 1.

3.3. Approach II: Analysis of the Entropy within Data

Entropy quantifies the uncertainty of a probability distribu-
tion. Higher entropy indicates greater uncertainty, and equi-
probable outcomes attain maximal entropy. In the presented
approach, entropy is used to assess whether a given dataset is
already sufficiently comprehensive so that further data acqui-
sition can be terminated, similar to the ideas of category (2)
in Section 2. Let {Défa)in}n denote the nested training sub-
sets used to generate a learning curve (see Section 3.1). We
simulate progressive data acquisition by enlarging the train-

Algorithm 2: Entropy-based data saturation detection for
progressive data acquisition.

Input: £ datasets Di,ain of size IV; monitored feature xg;
step size h,; smoothing order o; threshold ¢.

Output: Saturation fractions { pg?t }k

r=1"

1 for all repetitions r with 1 < r < k do

2 Initialize ¢ <— 1, p; < hy,

3 while the current observed fraction p; < 1 do

4 n; < |piV]

5 Select training subset D7)

6 Discretize xgo into L = |/n;] bins

7 Compute empirical PMF { f;}/-,

8 Compute entropy H (n;) using Eq. (14)

9 Compute normalized entropy H (n;) using Egs. (15)

and (16)

10 Compute smoothed entropy H*(p;) using Eq. (17)
11 if i > 2 then

12 Compute gradient GNE(p;) using Eq. (18)

13 Update running maximum Max;

14 if i > 3 and |GNE(p;)| < t - Max; then

15 | break
16 1 1+1

17 | pi<thy
18 | pg;)t + min(p;, 1)

k

r=1

19 return {pﬂ }

ing fraction p in steps of size h, > 0, with p; = i h,, € (0, 1]
fori > 1 and n; = |p; N |; the index ¢ = 0 would correspond
to an empty training subset and is therefore excluded. This
is the same grid P = {p;}/~,, m = |1/h,], that is used in
Section 3.2.

For the investigation in this paper, we compute entropy from
the empirical distribution of a selected feature x4 of the fea-
ture vector x. The feature x4 is chosen as the most dis-
criminative feature according to a one-way ANOVA F'-test
(Hogg & Ledolter, 1989). Note that in practical applications
this test can be computed from the available training data
only; the deviation required for the evaluation in this paper
is described in Section 4.4. Selecting the most discriminative
feature is expected to capture the dominant variation in the
class-conditional distributions and thus that part of the data
whose coverage is most relevant for the subsequent classifi-
cation task. For a given subset size n, we discretize 2] into
L = |/n]| equal-width bins and define the empirical proba-
bility mass function (PMF) by the relative frequencies f; > 0
with Ele fi = 1. The Shannon entropy is

L
H(n) = =Y filogy fi,  (0log0:=0),  (14)
=1
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with maximum

L
1 1
Hpax = — — 1 — ) = log, L. 15
wm) = =307 og(7) = logy L. (15
The normalized entropy is
- H(n)
Hn) = ——— € [0,1]. 16

Note that this design deliberately restricts the entropy calcu-
lation to a single dimension. Empirical joint entropy esti-
mation over multi-dimensional spaces requires a number of
bins that grows exponentially with the dimension and there-
fore becomes unreliable. This can be quantified as follows.
Estimating the Shannon entropy in Eq. (14) from the relative
frequencies f; constitutes a plug-in estimator, which is biased
towards lower values, with a bias of order —(L — 1)/(2n)
nats, i.e. —(L — 1)/(2nln2) bits, for L bins and n sam-
ples in the well-sampled regime n >> L; outside that regime
the bias can be considerably larger in magnitude (Paninski,
2003). What matters is thus the ratio between the number
of bins and the number of samples. Retaining the resolu-
tion L = |y/n| per axis, a d-dimensional histogram contains
L2 =~ n9/? bins, so that this ratio scales as n%/2=1. In the
one-dimensional case it therefore decreases with increasing
n, whereas already in two dimensions it is independent of n:
the histogram contains as many bins as there are samples for
every subset size, and the leading-order bias remains at ap-
proximately half a nat instead of vanishing; in practice it is
larger still, since the well-sampled regime is no longer sat-
isfied. For a joint estimate over the full feature space con-
sidered in this paper, the estimate would therefore reflect the
sparsity of the histogram rather than the information content
of the acquired data. A joint estimate over a small subset
of features would remain feasible at a coarser resolution; the
corresponding variants and their trade-offs are discussed in
Section 4.5.3. Normalizing by H,.x according to Eq. (16)
does not remedy the bias, since it grows with the same bin
count that enters the normalization.

We smooth H by a moving average of order o > 1 with a
truncated window:

0;—1

- 1 -
H* i) = H 1—1)>
(i) = ; (Pi—1) an

0; :=min{o, i}, 1> 1.

To detect saturation, we track the discrete gradient of H*
across successive steps, resulting in the gradient of normal-
ized entropy (GNE):

i>2.  (18)

Let
1>2

)

Max; :=  ax |GNE(p)],

represent the running maximum. Then the saturation onset
index is defined as

o = min{i >3 |GNE(p:)| < tMaxi}, (19)

where 0 < t < 1is auser-specified threshold for the smoothed
gradient magnitude. Equation (19) is evaluated from i = 3
onwards, since at ¢+ = 2 the running maximum consists of
GNE(po) itself.

We declare entropy saturation at p;_,,. At that point, further
data acquisition may be terminated, and the current subset
used to train the ML classifier. One can summarize the pro-
cedure described with the pseudocode shown in Algorithm 2.

4. EVALUATION

First, this section presents the dataset used to evaluate the two
approaches described in Section 3. In Section 4.2 the proce-
dure for generating the learning curves, which represent the
ground truth for the following evaluations, is described. Sec-
tions 4.3 and 4.4 present the detailed evaluation procedures
and the results of the two approaches used in this paper. In
Section 4.5, these results are discussed in conjunction with
the limitations of the study.

4.1. Dataset

Rolling bearings are one of the most important machine ele-
ments in the literature on fault diagnosis of engineering sys-
tems (Wang, Lei, Li, & Li, 2020; Lei et al., 2020; Raj, Kumar,
& Kumar, 2025). Consequently, fault diagnosis of rolling
bearings is utilized as a use case for the evaluations in this pa-
per. This dataset comprises data derived from measurements
conducted on two rolling bearing test rigs and under different
operating conditions—speed and radial load. Bearings of var-
ious types and with different defects are installed on the test
rigs, where the corresponding vibration and rotational speed
are measured. For each measurement, the signals are acquired
over one second with a sampling frequency of 15.625 kHz.
The two test rigs differ only in their bearing support; all other
aspects are identical. Figure Al of Appendix A presents the
test rigs and the bearing types employed. The specific con-
figurations used for data acquisition are listed in Table Al
of Appendix A. The dataset comprises four distinct classes:
healthy bearing (OK), inner race fault (IR), outer race fault
(OR), and rolling element fault (RE). The 15 combinations
of bearing type and fault state listed there, each measured at
two speeds and two load levels, correspond to 60 measure-
ment configurations of ten recordings each, yielding a total
of M = 600 recorded samples.
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Table 1. Structure of the MLP architecture used for training
to get the learning curves in Figure 2.

Hyperparameter Value
Input layer size 10
Hidden layers 3

Layer size 1 50
Layer size 2 50
Layer size 3 40
Dropout (1-3) 0.05
Output layer size 4
Activation function ReLU
Output activation function Softmax

The feature vector built from one recorded measurement is
10-dimensional and contains the peak-to-peak, absolute mean,
standard deviation, and impulse factor of the vibration signal,
as well as the radial load level, rotational speed (features 1—
6), and bearing type one-hot encoded (features 7-10). The
respective labels contain the fault states of the bearings. The
dataset is published on GitHub together with the source code
of the evaluation?.

4.2. Preparation: Generation of Learning Curves

The accuracy learning curves Acc(p) are examined with a
multi-layer perceptron (MLP) classifier. Table 1 summarizes
the architecture of the MLP used. The architecture is cho-
sen based on findings of the investigations in (Braig & Zeiler,
2025). For the generation of the learning curves, 25 % of
the dataset is defined as the test set Diest. The remaining
75 % is the full training set Dy, ain and is used to form the

training subsets D", for MLP training, with p € {0.01i |
i =1,2,...,100}. The split is performed randomly at the
level of individual recordings, i.e., without grouping by mea-
surement configuration, so that recordings belonging to the
same configuration may be assigned to Dy, ,in and Dyegi. The
rationale for this and its implications are discussed in Sec-
tion 4.5.3. For each training subset size p the MLP is initial-
ized with new random model weights. As a result, the ac-
curacy Acc(p) achieved per relative training subset size p is
obtained. This process is repeated k¥ = 12,000 times with the
different random permutations 7(") of the dataset. The result-
ing 5th, 50th (median), and 95th percentiles of the accuracies
are plotted for each relative training subset size in Figure 2.

As can be seen in Figure 2, the median accuracy starts at ap-
proximately 35 % and then asymptotically reaches a value of
80 %. The increase in accuracy is particularly large for small
values of p. From a p value of approximately 50 %, the final

2https://github.com/PHM-Hochschule-Esslingen/
Training_Data_Amount_Evaluation
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Figure 2. Median and the 5th to 95th percentile across all
12,000 learning curves, which were used as ground truth for
the evaluations in this paper. The learning curves represent
the accuracy of the MLP classifier over the relative training
subset size.

achievable accuracy is almost reached. The interval from the
5th to the 95th percentile starts at approximately 10 % and
reaches a width of approximately +5 % as the value of p in-
creases. Here, also, it can be seen that the interval does not
become significantly narrower above a value of p of approxi-
mately 50 %. At least 95 % of the learning curves achieve an
accuracy of more than 70 %. Based on these findings, it can
be concluded that the given data allow learning curves to be
well represented up to saturation, thus providing a good ba-
sis for evaluation in the following sections. Section 4.3 uses
the learning curves obtained for Approach I, the extrapolation
of the learning curves. Even though Approach II, the entropy
analysis, does not require learning curves, the learning curves
help in evaluating the results. Therefore, the same permuta-
tions 7(") of the dataset and training subsets are deliberately
used for calculating the learning curves in this section as well
as for the entropy analysis in Section 4.4.

4.3. Approach I: Extrapolation of Learning Curves

For the evaluation of Approach I: Extrapolation of Learning
Curves, Algorithm 1 is executed with the same k£ = 12,000
random splits into Dy, and Diest and the same training sub-
sets as in Section 4.2. Two types of evaluation are used. Eval-
uation I-1 compares the accuracy of the real learning curves
Acc(p) and the predicted learning curves K&:(p) to assess
the quality of the predictions. Evaluation I-2 predicts the rel-
ative training size required to achieve a certain accuracy. This
value is compared with the actual relative training subset size
required. The evaluations are carried out in the same way for
all fit functions presented in Section 3.2.
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Figure 3. Learning curve accuracy prediction procedure, ex-
emplified by the exponential function and illustrated for three
different values of pg; € {0.05,0.10,0.15}.

Evaluation I-1: Accuracy

For the evaluation, the fitting threshold is varied over
pas € {0.01i | i =5,6,...,99}.

The fitting functions are fitted to all points p < pg¢ and pre-
dictions are made for all p > pg¢. The evaluation procedure
is illustrated in Figure 3 using three different pgy values as
examples. To evaluate the results, the root mean square error
(RMSE) metric is calculated in two ways. First, the error is
considered in the range of the initial fitting set Pf(lf““), which
refers to the error between the fit function and the true accu-
racy values fitted (solid line and crosses in Figure 3), leading
to

- 1 ?
RMSE( ) — — 3 (Err(m(pi)) )
|Pﬁt | piGPf(ﬁﬁt>
Err™(p;) = Ace”) (pi) — Ace (pi). @D)

Second, the RMSE in the range of the evaluation set Péfé‘é),
which refers to the error between the fit function and the true
accuracy values that must be predicted (dashed line and dots

in Figure 3), is defined as

(7,prit) 1 r 2
RMSE(7) = o 3 (Err( )(pi)) eY))
pred P epl(fr’éht )

That is to examine how good the fit functions are when fitting
to the given points of the learning curve and, on the other

x Fit points
Fitted logarithmic function
Fitted algebraic root function
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---------- Prediction logarithmic fanction
--------- Prediction algebraic root function
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Figure 4. Comparison of fitted logarithmic functions and
algebraic root functions for three different values of pgy €
{0.10,0.50,0.90}.

hand, in predicting the following course of Acc(p). Figure 4
illustrates exemplary fits of the logarithmic and the algebraic
root functions, and the results of the RMSE evaluation are
shown in Figures 5 and 6.

In Figure 5 the RMSEg; between the actual accuracy points
used for the fit and the resulting fitting functions is given over
all £ = 12,000 repetitions. This means that it is possible to
observe how well the functions can be adjusted to the points
given for the fit. In addition to the median RMSE, the inter-
val from the 5th to the 95th percentile is also given. At first,
for small p, the RMSE values of all fit functions show a local
minimum. There are few fit points, so the functions can be
adjusted well. The RMSE values of all functions except the
algebraic root function then initially increase, reach a maxi-
mum, and then decrease. This behavior can be attributed to
the fact that the arctan and exponential functions are upper-
bounded, and the power law function may also be bounded
above depending on the parameters. Therefore, they can ac-
curately represent the flattening of the accuracy for larger p
values. The logarithmic function can also better approximate
the accuracy as the p value increases, as it can map rela-
tive changes such as doublings, but then also flattens sharply
early on and can thus well replicate the rapid saturation. The
RMSE of the algebraic root function, on the other hand, does
not show any decline for larger p values. This function can
be used to simulate decreasing gradients, but not those that
decrease too drastically. Either the large initial gradient can
be modeled, but with a large error in the saturation region
towards the end of the learning curve or the flatter gradient
at the end of the learning curve can be modeled, but with an
increasing error for smaller p values. This behavior is illus-
trated in Figure 4. As can be seen, the fit of the root function
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Figure 6. The median and the 5th to 95th percentile interval of the RMSE,,.q on the prediction points p > pg; over all

k = 12,000 repetitions.

is relatively good for small pg; in Péf“‘) compared to larger

prt. However, as soon as pg; increases and the flatter part of
the learning curve is to be modeled in addition to the steep

rise, significant deviations occur on Péf 5) The logarithmic
function, also not upper-bounded, can reproduce the curve
much better here. A further noticeable aspect of RMSEg; is
that, for the exponential function, although the majority of fits
is very good, there are upward outliers that stretch the 5th to
95th percentile interval upwards. This can also be seen in the
pat = 0.4 plots in Figure 7. Here, the percentile interval is
slightly wider than for the other functions.

Figure 6 visualizes the RMSE,;.q between the resulting fit-
ting function and the actual accuracy points beyond the fit
range, i.e., Péfé‘;l), which allows conclusions to be drawn
about the prediction performance. The RMSE values de-
crease for all fitting functions as pg increases, i.e., the pre-
dictions of the achievable accuracies improve as more fitting
points are used. However, the functions differ in terms of the
initial RMSE for small pg¢ and the rate of decline as pg; in-
creases. The logarithmic and power law functions show very
similar behavior. Even with just a few fitting points, they
provide good predictions about the further progression of the
learning curves. Both the RMSE median and the interval
from the 5th to the 95th percentile are relatively small. The

two upper-bounded functions, arctan and exponential, also
exhibit very similar behavior to each other. At first for small
gt values, the RMSE median and the 5th to 95th percentile
interval are relatively large and then drop significantly.

To explain this phenomenon, Figure 7 depicts the fitted func-
tions of all £ = 12,000 runs, showing the median and the
interval from the 5th to the 95th percentile. As can be seen
in the top row for pgy = 0.05, the use of the arctan func-
tion for the prediction range P;fé‘é) usually results in a strong
overestimation of accuracy with values that are mostly well
above the maximum accuracy value of one. For the expo-
nential function, the upper limit of the percentile interval also
reaches values well above one. In addition, it is noticeable
that at the same time, the median has its saturation range too
low, at an accuracy of approximately 60 %, although the true
values, as can be seen in Figure 2, asymptotically converge
mostly to 80 %. However, if pg; is increased to 0.4 (see sec-
ond row of Figure 7), both functions show a good prediction,
with a median saturation in the range of just under 80 %. The
occurrence of this saturation can be attributed to the upper
bound of the two functions. This leads to the median of the
RMSE in Figure 6 becoming even better for larger pg; than
for the logarithmic and power law functions, thus achieving
the best results across all functions. It should be noted that
the power law function can also be limited depending on the
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Figure 7. The median and the 5th to 95th percentile interval of the fit functions fitted on the learning curves for pg; = 0.05 and

Pt = 0.40.

choice of parameters, but Figure 7 indicates that at p = 1, a
slight increase can still be observed.

The algebraic root function in Figure 6 also starts with a rel-
atively large RMSE median and a large interval between the
5th and 95th percentiles, followed by a slow decline for larger
pgt. However, it does not reach the low RMSE values achieved
by the other functions. This can be attributed to the problems
mentioned above, namely the simultaneous modeling of the
steep rise and the saturation range. Figure 7 illustrates this
for pgy = 0.4, as a strong increase can still be observed for p
values close to one.

Evaluation I-2: Required Training Size

We also try to predict the required size of the training subset
to reach a desired target accuracy. This target accuracy has to
be set according to the required use case and the desired accu-
racies that should be reached. Based on the accuracy curves
in Figure 2, we set multiple target accuracies for the evalua-
tions at the values Acc,eq € {60 %, 65 %, 70 %, 75 %, 80 %} .
The deviation of the predicted training subset size where the
accuracy exceeds the target accuracy and the actual training
subset size where the obtained accuracy value first exceeds
the target accuracy is calculated by

ApAccreq = PAccreq — ﬁAcc,.eqa (23)

where pacc,., 1S the size where the learning curve first ex-
ceeds the target value of Accq and PAccre, TOr the fitted
function of the learning curve. In some cases, the evaluation
of the predicted required training size is not possible. These
cases include the fit function not reaching the target value, the
recorded learning curve not reaching the target value, both

not reaching the target value, or the recorded accuracy having
already reached the target value. In all other cases, the evalu-
ation can be carried out as described. The results are shown in
Figure 8 and in Table B1 of Appendix B. The error Apacc,.,
is given for the five different target accuracies, and three fit-
ting thresholds pg;, € {0.05,0.10,0.15} are evaluated. For
each case, the 5th, 25th, 50th, 75th, and 95th percentiles are
given. As can be seen from Table B1 of Appendix B, the
number of learning curves evaluated varies due to the reasons
mentioned above.

As shown in Figure 8, the error Ap Accroq INCTEAsES the greater
the target accuracy Acc,eq for which a prediction of pace,.,
is to be made. This is plausible, since greater target accu-
racy requires more far-reaching predictions. In addition, the
learning curves flatten out as p increases, so small deviations
in the estimated accuracy, e.g., due to outliers, lead to large
APAce,o - It can also be seen that, especially with high target
accuracies, the prediction results improve the larger pg; is se-
lected. This is because the larger the pgs, the larger the initial
known course of the learning curve that can be used for the
fit. With high levels of target accuracy, the errors Apace,.,
are almost always greater than zero, which means that the
prediction using the function fits is usually too high, result-
ing in an optimistic estimate with less data than is actually
necessary. The fact that this effect occurs primarily with high
levels of target accuracy is consistent with the fact that these
high accuracy values are only reached by functional fits that
achieve these levels of accuracy at all and therefore tend to
have higher values, which makes overestimation more likely.
For small and medium target accuracies up to 70 %, the medi-
ans of Ap Accroq ar€ close to zero and the percentile intervals
are also relatively narrow, which means that the amount of
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Figure 8. Deviation Apacc,., of the predicted and the actual
training subset size for five given target accuracies Acc,qq and
three fitting thresholds pg over all & = 12,000 repetitions.
Given are the 5th, 25th, 50th, 75th, and 95th percentiles.

data required to achieve these target accuracies can be accu-
rately estimated. The algebraic root, arctan, and exponential
functions perform best here, while logarithmic and power law
have negative medians, i.e., they overestimate the amount of
data required and also scatter more widely in the percentile
intervals.

As can be seen in Table B1 of Appendix B, the number of
evaluated learning curves varies significantly. A more de-
tailed analysis of the exclusion criteria mentioned above shows
that, especially for small pg¢, many fitted learning curves do
not reach Acc,.q. The fitted functions are too flat. This effect
is particularly noticeable with the exponential function. This
also becomes clear when examining the fits in Figure 7 for
pat = 0.05. As can be seen, the median for the exponential
function lies at an accuracy of approximately 60 %, so that
even target accuracies of 60 % are frequently not achieved.
For larger Accyeq, this effect also occurs with the logarith-
mic and power law functions, as can also be seen in the fig-
ure. The situation is different for the algebraic root and arctan
functions, which, as can be seen in Figure 7 for pg; = 0.05,
rise well above an accuracy of 100 %. Another major factor
contributing to the reduction in the number of evaluable learn-
ing curves is that, especially for small Acc,qq and larger pgs,
psy is often already above the p required to achieve Accyeq.
Therefore, no further prediction is possible, and the associ-
ated learning curve must be excluded from the evaluation.

4.4. Approach II: Analysis of the Entropy within Data

For the evaluation of the GNE procedure, Algorithm 2 is exe-
cuted with the same k£ = 12,000 random splits into Dy,,;,, and
Dyest and the same training subsets as in Section 4.2 and the
evaluation of Approach I. This allows reference to be made to
the accuracy curves for evaluation purposes. The number of
bins of the empirical PMF is not a free parameter but is tied
to the subset size by the rule L = |/n] for the reasons given
in Section 3.3.

For feature x4, the impulse factor is selected, as it is the
most discriminative feature in the given dataset according to
the ANOVA F'-test (see Section 3.3). It should be noted that,
in practice, the feature can only be selected from the data
available at the time of selection, i.e., from the current train-
ing subset and not from the full dataset. For the evaluation,
the ['-test is therefore carried out separately for every repeti-
tion and every training subset size, using only the respective
training subset. Using the feature selected in each individual
case, however, would result in different features being mon-
itored across repetitions and training subset sizes, so that the
entropy sequence would refer to different marginal distribu-
tions at different steps of the same acquisition process and the
stopping points would no longer be comparable. The feature
selected most frequently is therefore adopted consistently for
the evaluation. As shown in Figure C1 in Appendix C, the
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impulse factor is already the most frequently selected feature
for training subset sizes from p = 0.02 onward and is se-
lected in nearly all repetitions from p ~ 0.15 onward®. Since
the selection frequencies are aggregated over all repetitions,
whose training sets jointly cover the entire dataset, this choice
is strictly speaking not independent of the individual test sets;
given the clear dominance of the impulse factor, its influence
on the evaluation is negligible.

The simulation of progressive data acquisition is performed
with the step size h, = 0.01, since this matches the resolu-
tion of the recorded learning curves. Because the observed
fractions are given by p; = i h,, this value affects the GNE
approach in two ways: it determines the resolution at which
the entropy curve is sampled, and it fixes the first evaluated
fraction p; = h,, at which monitoring starts. Matching the
resolution ensures that an accuracy value is available for ev-
ery p;.,, determined by the GNE in Evaluation II-1 and that
the GNE and accuracy for the correlation calculated in Eval-
uation II-2 are sampled on the same grid, whereas a larger h,,
would compute the difference quotient over a wider interval
and reduce the resolution with which p;_,, can be localized.
The first evaluated fraction, in turn, represents the amount
of data already available at the beginning of monitoring and
must be small enough to capture the steep initial section of
the entropy curve, because the running maximum Max; in
Eq. (19) is formed from the sequence starting at p;. If mon-
itoring started at a substantially larger fraction, the gradients
would no longer differ substantially from one another and the
criterion would terminate almost immediately. For the small
threshold values, which constitute the operating region rel-
evant for achieving practically high accuracies, termination
occurs at fractions clearly above p; = 0.01 (see Table 2), so
that the stopping point is governed by the saturation behavior
of the entropy curve rather than by where the sequence be-
gins. For large thresholds, in contrast, the criterion already
terminates within the first few evaluation steps and the stop-
ping point is governed by the low sensitivity of the threshold
itself rather than by the choice of p;.

For the two remaining hyperparameters—the threshold ¢ and
the smoothing order o—there is no obvious choice of val-
ues, which is why the effects of different values on the GNE
method are investigated. In the authors’ view, ¢ has the great-
est influence on the method, as it directly controls the sen-
sitivity of the stopping decision. Therefore, it is not fixed
but is systematically varied during the evaluation: to deter-
mine the saturation onset index (see Eq. (19)), the values
t € {0.5,0.4,0.3,0.2,0.1,0.05,0.01} are examined.

The moving average in Eq. (17) replaces each difference be-
tween adjacent entropy values by an average of the preceding
differences. Smoothing therefore reduces large differences,

3For the smallest subset (p = 0.01, n = 4), the F-statistic is not defined if
every class is represented by at most one sample; these cases were skipped.

such as the steep initial steps and noise-induced peaks, so that
the resulting GNE values decrease. Since Max; is formed
from the past GNE values, the absolute termination thresh-
old ¢ Max; is reduced as well. At the same time, averaging
attenuates random dips of the gradient, i.e., individual small
differences that could otherwise trigger a premature termina-
tion. These effects act in opposite directions, so that no sys-
tematic shift of the termination point can be expected a priori.
Furthermore, as the size of the training subset increases, the
entropy changes get smaller, since newly added samples have
a smaller influence on the entropy. The entropy curve thus
becomes smoother as p; increases, and the smoothing itself
has less and less influence. Overall, the influence of o is ex-
pected to be small compared to that of ¢. Therefore, the main
evaluation is limited to o = 5, and 0 € {1, 10} are included
as an excursus to show that the value of o does not alter the
conclusions drawn for the use case considered here.

To evaluate Approach II: Analysis of the Entropy within Data,
two procedures are used. In contrast to Approach I, Ap-
proach II does not aim to predict the amount of data required
for a given target accuracy but rather to enable statements
to be made as to whether it makes sense to generate addi-
tional data beyond the currently available dataset or to stop
data acquisition. Evaluation II-1 therefore examines whether
the same GNE value across all repetitions leads to similar ac-
curacies. For robust statements, a specific GNE value should
lead to a certain consistent accuracy across all repetitions. For
Evaluation II-2, the correlation between the accuracy achieved
and the GNE is considered in order to assess the extent to
which a decreasing GNE value correlates with increasing ac-
curacy. However, note that for Approach II the accuracy val-
ues are not part of the approach but are used for the evaluation
only.

Evaluation II-1: Accuracy at GNE Stopping Criterion

In this evaluation, p;_, is determined for each of the k rep-
etitions for a specified threshold value ¢. Subsequently, the
accuracy at this p value is determined for the corresponding
learning curve from Section 4.2. The results over the & repe-
titions are shown as a box plot in the upper half of Figure 9.
The threshold values ¢t € {0.5,0.4,0.3,0.2,0.1,0.05,0.01}
are evaluated. The 5th, 25th, 50th, 75th, and 95th percentiles
are shown. In addition, the lower half compares the accu-
racy achieved with p;_, to the maximum accuracy achievable
with the full training set of the respective repetition. To pre-
vent outliers from distorting the result, the median of the last
20 % accuracy values of the respective accuracy curve is con-
sidered as the maximum achievable accuracy.

As shown in Figure 9, the accuracy achieved increases as the
GNE threshold value decreases and gets closer and closer to
what would be achieved by training with all training data.
This finding also coincides with the findings from the sub-
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Figure 9. The learning curve accuracies Acc(p) at the p;_,
determined by the GNE using the threshold value ¢ and for a
smoothing order of o = 5 over all k£ = 12,000 repetitions, as
well as the corresponding accuracy deviation AAcc(p) to the
maximum accuracy achievable with the full training set. The
5th, 25th, 50th, 75th, and 95th percentiles are shown.

sequent Evaluation II-2. As expected, the GNE value de-
creases as the amount of data increases and can therefore be
used as an indicator to evaluate the availability of sufficient
training data. In addition, the range of accuracy values de-
creases sharply when p;_,, of the termination training subset
lies within the saturation range of the learning curves. This
phenomenon is clearly visible in the evaluation when mov-
ing from ¢ = 0.05 to ¢ = 0.01, with the 25th to 75th per-
centile interval decreasing from over 15% accuracy to around
10 % accuracy. Therefore, the values of p;_,, may fluctuate
yet still yield similar accuracy values. This is also confirmed
by Figure 10, which shows the distribution of p;_,, across all
repetitions. For ¢ = (.01, the dispersion of p;_, is actually
strongest, although the corresponding box plot in Figure 9 is
narrowest. Across all ¢, it can be seen that the resulting values
for p;_,, mostly cluster around one value. While this value is
below p,_,, = 0.05 for the larger ¢t € {0.5,0.4,0.3,0.2}, the
center of gravity shifts to values between 0.05 and 0.1 for
t € {0.1,0.05}. Fort = 0.01, p,_, approaches the value
0.2, for which the median of the accuracies in Figure 2 lies
between the values of 70 % and 80 %.

Evaluation II-2: Correlation Between Accuracy and GNE

In Evaluation II-2 the correlation between the achieved accu-
racy and the GNE is calculated to assess whether a decreasing
GNE value correlates with increasing accuracy. For compari-
son, the differences between the distribution of the increas-
ingly larger training subset and the distribution of the full
training dataset Di,,in (mean square error of the correspond-

ing histograms, MSE) are also considered. These histograms
are formed from the same marginal distribution of x4 that
underlies the GNE, so that both quantities refer to the same
one-dimensional projection of the data. The correlations of
the resulting MSE values with the accuracy and with the GNE
are then calculated. Note that in practical application, these
MSE distribution differences cannot be calculated, unlike the
GNE, but they do provide a further evaluation option in this
paper. Figure 11 shows distributions of the different correla-
tion values over all evaluation repetitions. The blue distribu-
tion illustrates the correlation between the MSE and the ac-
curacy achieved through training. As can be seen, the curves
correlate strongly negatively with each other. This means that
as the sample size increases, the samples drawn increasingly
approach the distribution of the full training dataset, and the
accuracy increases with increasing training sample size. The
correlation between the progression of the MSE and the pro-
gression of the GNE with increasing sample size is shown
in orange. As can be seen, the two correlate strongly with
each other. This means that the GNE, which maps the sim-
ilarity of successive sample sizes, correlates strongly with
the MSE, the similarity of these samples to the full training
dataset. Therefore, the GNE has a similar significance to the
MSE, with the advantage that the distribution of the full train-
ing dataset does not need to be known to calculate the GNE,
which means that the GNE can be easily calculated in prac-
tice. The strong positive correlation between MSE and GNE
suggests that GNE should also correlate strongly negatively
with accuracy, analogous to the strong negative correlation
between MSE and accuracy. This is exactly what is shown
in green. The shape of the distribution looks very similar to
the blue one. However, the distribution has shifted toward
smaller correlation values in terms of magnitude, since the
MSE is always compared to the full training dataset, whereas
GNE is only compared between two steps in the growing
sample sequence without knowing the overall distribution. It
can be concluded that the GNE proposed in this paper cor-
relates strongly with the achievable accuracy and is therefore
suitable for terminating the acquisition of further data when
a specified GNE threshold value is reached. However, it is
difficult to assign a GNE value to an accuracy value, which
can vary greatly depending on the application and, therefore,
requires practical experience.

It is worth emphasizing once again which quantities are in-
cluded in these correlations. Both the GNE and the MSE
are calculated from the marginal distribution of the individ-
ual feature 41, while the accuracy Acc(p), with which they
correlate, is obtained from the MLP trained on the complete
ten-dimensional feature vector. The strong negative correla-
tions in Figure 11 therefore indicate that the stabilization of
the marginal distribution coincides with the point at which the
classifier no longer benefits significantly from additional data
drawn from the entire feature space. For the dataset exam-
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Figure 11. Correlation between accuracy, MSE, and GNE
with rising training subset size over all £ = 12,000 repetitions
and using a smoothing order of 0 = 5.

ined here, the saturation of the selected marginal distribution
thus provides an empirical indication of the sufficiency of the
multivariate dataset, even though the criterion itself consid-
ers only one dimension. The implications of the univariate
design are discussed in Section 4.5.3.

Sensitivity Analysis of the Smoothing Order

To quantify the influence of the smoothing order o, Evalua-
tions II-1 and II-2 were repeated for o € {1, 10} with all other
settings remaining unchanged. Table 2 lists the median accu-
racy at termination, the median deviation AAcc(p) from the
maximum achievable accuracy, and the median value of p;_,
for each combination of o and ¢. The counterparts of Fig-
ures 9-11 for o = 1 and o = 10 are provided in Appendix D-
1 and Appendix D-2 as Figures D1-D3 and Figures D4-D6,
respectively.

As explained in the first part of Section 4.4, smoothing af-
fects both the GNE values and the running maximum Max;,
and these effects act in opposite directions on the termination

across all k£ = 12,000 repetitions for different threshold values ¢ and for a smoothing order of

point. In addition, the entropy curves in the chosen evalua-
tion example are, on average, already fairly smooth without
smoothing: Figure D7 in Appendix D-3 shows that the me-
dian GNE curve for o = 1 decreases largely monotonically.
Another effect contributing to a small difference in the deter-
mination of p;_,, between smoothing with o = 5 and 0 = 10
is the rapid attainment of the termination threshold for small
Di... values, which is particularly the case for larger ¢ values.
Due to the rapid termination, the different smoothing win-
dow lengths have little effect: since the truncated window in
Eq. (17) contains only the existing past values, o = 5 and
o = 10 yield identical smoothed entropy values up to ¢ = 5.

For these reasons, it is expected that the choice of the smooth-
ing order o during the evaluation will have little effect on the
results. This is precisely what the analysis confirms. Be-
tween the median termination accuracies and the median p;_,
values in Table 2, only slight and non-monotonic differences
across o can be observed. Comparing this with the changes
that result from a decreasing stopping criterion ¢ confirms the
initial assumption that ¢ has a significantly stronger influence
on the results than o. Varying ¢ changes the accuracy by 0.20
(0 =1),0.23 (0 = 5), and 0.22 (o = 10). Varying o changes
it by at most 0.03. The accuracy percentiles in Figures 9, D1,
and D4 also show only very slight changes between differ-
ent o values compared to the changes between the ¢ values.
The same is true for the distributions of p;_,, shown in Fig-
ures D3, 10, and D6. The correlations shown in Figures 11,
D2, and D5 also vary only slightly between the o values.

It can therefore be concluded that the findings in Section 4.4
are not sensitive to the specific choice of o, which makes it
reasonable to limit the main analysis to o = 5.

4.5. Discussion

The results from both approaches demonstrate complemen-
tary strengths and limitations that are worth examining in
conjunction. The following sections begin with a discussion
of these results and subsequently delineate the present limita-
tions of the approaches and the evaluations conducted.
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Table 2. Sensitivity of the criterion to the smoothing order o.
Median accuracy at termination, median deviation AAcc(p)
from the maximum achievable accuracy, and median p;_,, for
each combination of the smoothing order o and the stopping
threshold ¢.

Stopping criterion ¢
o 0.5 0.4 0.3 0.2 0.1 0.05 0.01

Median accuracy at termination

1 049 050 051 053 057 061 0.69
5 048 049 051 053 058 063 0.71
10 048 049 050 052 0.56 0.70

Median accuracy deviation AAcc(p)
1 029 028 027 026 022 0.18 0.09

5 030 030 028 026 021 0.16 0.08

10 030 030 028 027 022 018 0.07
Median p;_,,

1 004 004 004 005 006 008 0.16

5 0.03 0.03 0.04
10 003 003 0.04

0.04 006 0.09 0.20
0.04 006 007 0.18

4.5.1. Approach I: Extrapolation of Learning Curves

Approach I provides an estimate of the amount of training
data required nyeq for a given target accuracy Vieq. This esti-
mate depends on two factors: the choice of the fitting func-
tion and the available fitting set Pf(if fie), Regarding the choice
of fitting function, the results of Evaluation I-1 show that
no single function dominates across all settings. However,
it is evident that when pg is small, logarithmic and power
law functions provide the most accurate predictions for the
subsequent course of the learning curve, as they can flexi-
bly capture the steep initial rise. So, if only a small amount
of data is available, it makes sense to use these functions
to predict accuracy. For larger pg, values, the predictions
of the upper-bounded arctan and exponential functions im-
prove steadily, eventually outperforming even the logarithmic
and power law functions. Their saturation behavior matches
the empirically observed flattening of the accuracy learning
curves very well. The algebraic root function cannot simul-
taneously model both the steep initial rise and the saturation
region of the learning curve and is therefore less suitable for
modeling the learning curve.

The prediction of the required training data size to a requested
target accuracy AccCreq, observed in Evaluation I-2, shows a
systematic dependence on Accrq. At accuracy levels of up
to about 70 %, all functions, except logarithm and power law,
yield median errors ApAccreq close to zero, indicating reliable
estimates. At higher accuracy levels, most functions exhibit a
positive median bias at 75 % and all functions at 80 %, mean-
ing the fitted functions predict a smaller training subset size
than is actually required, resulting in an overly optimistic es-
timate. This is a consequence of the significantly flattened

shape of the learning curve in the saturation region, resulting
in small errors in the estimated asymptote leading to large er-
rors in the predicted preq. It should be noted here once again
that, for the reasons described in Evaluation I-2: Required
Training Size of Section 4.3, the number of learning curves
available for analysis in Evaluation I-2 naturally varies—a
fact that must be taken into account when interpreting the re-
sults.

These bias patterns, visible in Figure 8 and in Table B1 of Ap-
pendix B, support the recommendation of Mahmood, Lucas,
Acuna, et al. (2022) to bound 1,4 by an ensemble rather than
relying on a single function, since the logarithmic and power
law functions consistently provide the most conservative es-
timate, whereas the medians of the remaining three functions
lie close to zero for target accuracies up to 70 %, with both
slight over- and underestimation of the required amount of
data occurring. As all five functions underestimate the re-
quired amount of data at Accyeq = 80 %, however, such an
ensemble should be complemented by a correction factor in
the spirit of the factor 7 proposed by the same authors.

4.5.2. Approach II: Analysis of the Entropy within Data

Approach II addresses a different but complementary ques-
tion: not how much data are required to achieve a certain
level of accuracy, but whether the currently available data
are already sufficient to discontinue further data acquisition.
Its main advantages are that it requires no model training
and operates incrementally. Each new batch of acquired data
can be evaluated immediately with respect to its informa-
tion contribution. Therefore, Approach II can be applied on-
line during data acquisition with negligible computational ef-
fort, enabling practitioners to make informed decisions about
whether to continue or terminate data acquisition at any point.

The evaluations confirm that the GNE has a strong negative
correlation with the classification accuracy and that the ad-
justable threshold value ¢ allows controlling the achievable
accuracy, making the GNE suitable as a stopping rule for data
acquisition. If ¢ is chosen to be sufficiently small, one can as-
sume that when the GNE algorithm terminates, the most re-
cently acquired data points have provided little new informa-
tion. The evaluation conducted shows that the training sub-
set available at termination provides a good approximation of
the full training set. Conversely, this means that the accuracy
achievable when training the ML model is close to the max-
imum accuracy attainable with the full available training set.
In practice, one would assume that the training subset avail-
able at termination approximates the underlying operational
population with sufficient accuracy, provided that the data ac-
quisition covers the relevant operational state space (see Sec-
tion 4.5.3).
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4.5.3. Limitations

The two approaches examined have different limitations, dis-
cussed in the following. The main limitations of Approach I:
Extrapolation of Learning Curves are as follows:

Computational cost: A practical limitation of Approach I
is its computational cost. Generating the learning curves re-
quires that the ML model be retrained from scratch repeatedly
for each training subset size up to the available amount of
data. While this is feasible for simple architectures and small
datasets, the approach does not scale well to computation-
ally intensive models or large datasets. In this study, a fixed
MLP architecture whose hyperparameters were set based on
previous work was used for evaluation. In practical applica-
tions, however, the situation is further complicated by the fact
that such prior experience is usually not available. Hyperpa-
rameter optimization must therefore be performed for each
training subset to determine the corresponding point of the
learning curve, which means an even greater computational
burden.

Required data: Since Approach I is based on training ML
models, the data must meet all the requirements necessary
for this training in order to be usable. For example, if the
approach is based on supervised learning, as in this study, la-
beled data must be available. Only then can the learning curve
be determined. For fault classification, the data must contain
a sufficient number of samples from each fault class, as the
underrepresentation of rare classes renders the corresponding
learning curve points unreliable. To determine a meaning-
ful learning curve, the dataset must be split into independent
training and test sets for training and testing the ML models,
which further reduces the amount of available training data.

The main limitations of Approach II: Analysis of the Entropy
within Data are:

Missing accuracy: For Approach II only the GNE threshold
t can be set and not the target accuracy Vi.q. Although the
entropy saturation criterion indicates that the empirical dis-
tribution of the selected feature . has stabilized, the level
of accuracy achieved at this point depends on the dataset and
cannot be determined a priori.

Calibration of the GNE threshold: The GNE threshold ¢
is a user-defined hyperparameter that has a significant impact
on the termination of the GNE algorithm. Setting ¢ correctly
requires expertise and empirical calibration using representa-
tive datasets. In practical applications, it remains to be seen
whether a consistent, meaningful value for ¢ can be deter-
mined across various use cases.

Calculation of entropy: The evaluation in this paper uses
a single feature x4 selected by a one-way ANOVA F'-test
to calculate the entropy used in Approach II. As justified in
Section 3.3, this one-dimensional design avoids the estima-

tor bias that a joint histogram would incur at the subset sizes
examined here. The cost of this one-dimensional approach
is that the saturation of a single marginal distribution does
not imply that dependencies among features are accounted
for. As a result, the chosen procedure could terminate data
collection prematurely. However, Evaluation II-2 indicates
that this effect is not dominant here, since the accuracy with
which the univariate GNE correlates is determined based on
the complete feature vector. In any case, it should be noted
that considering one-dimensional entropy is an evaluation de-
sign choice in this paper and not a limitation inherent in Ap-
proach II. Extending entropy analysis to multiple features—
which are evaluated jointly or combined into a single stop
criterion—could improve the robustness and generalizability
of Approach II.

Beyond the one-way ANOVA, other selection criteria are con-
ceivable, such as a redundancy-aware information-theoretic
ranking based on joint mutual information. Whereas the
ANOVA F'-statistic scores each feature individually, such a
ranking favors features that are complementary. Selecting a
small subset in this way and combining the corresponding
univariate GNE curves into a single stopping rule would cap-
ture more of the multivariate structure while retaining univari-
ate entropy estimation. The ranking itself, however, requires
estimating mutual information between discretized features,
which reintroduces the small-sample effects discussed in Sec-
tion 3.3 precisely during the early phase of data acquisition.
The ANOVA F'-statistic was therefore preferred here, as it
requires no discretization. As an alternative to feature selec-
tion, a dimensionality reduction such as principal component
analysis (PCA) could capture multivariate interactions. The
projection is, however, unsupervised, and is itself estimated
from the growing dataset, so that the GNE would conflate
a change of the data distribution with a change of the pro-
jection. An empirical comparison of these variants remains
subject to future work.

In addition to the limitations inherent in the specific approach-
es, further general limitations were imposed during the eval-
uation conducted in this paper:

Generalizability of the dataset: Both approaches were eval-
uated using a single dataset on rolling bearings with M =
600 samples and a fixed 10-dimensional feature space. Al-
though this dataset provides a well-controlled basis for com-
parison, the generalizability of the results to other applica-
tion domains, larger datasets, or higher-dimensional feature
spaces cannot be assumed. Further empirical validation across
multiple datasets and use cases is required before practical de-
ployment. For this reason, the authors have made the dataset
and the source code publicly available on GitHub*.

“https://github.com/PHM-Hochschule-Esslingen/
Training_Data_Amount_Evaluation
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In-distribution scope of the evaluation: In accordance with
the definition introduced in Section 1, the evaluation performed
here quantifies in-distribution sufficiency: Dyeg is drawn ran-
domly from D and therefore contains the same bearing types,
rotational speeds, and load levels as the training data. Since
the split is random at the level of individual recordings, the
ten recordings for each of the 60 measurement configura-
tions are distributed across both sets, so that recordings from
the same bearing at the same operating point appear in both
Dirain and Diest. This is a deliberate design decision, since
the object of study is the estimation methods themselves and
not the diagnostic model. To evaluate them, a controlled
ground truth is required, i.e., learning curves with a canonical
shape and low variance, which are provided by the random
splits across all & = 12,000 repetitions. A learning curve
V' (n) is moreover well-defined only if increasing the training
set changes the number of samples but not the distribution
from which they are drawn. In the case of a grouped or leave-
one-condition-out partition, each additional group would ex-
pand the covered part of the operational state space, so that
the resulting curve would mix the effect of sample size with
that of condition coverage and would no longer be a function
of n alone. The evaluation of performance across disjoint sets
of conditions is a separate research question addressed, e.g.,
in works on transfer learning (Braig & Zeiler, 2025). If the
evaluation distribution were shifted, a discrepancy between
the extrapolated and observed learning curves could no longer
be attributed to the fitting function, as it would be confounded
with the effect of the shift.

Nevertheless, there are two implications for the interpretation
of the results. First, the in-distribution data requirement es-
timated using Approach I should be understood as a lower
bound for the operational data requirement, since a shift in
the distribution is likely to result in flatter learning curves
that reach saturation later and at a lower asymptote. Second,
while Approach II detects that the distribution of the data col-
lected so far has stabilized, it does not take into account that
a portion of the operating state space has never been sam-
pled; its failure mode is therefore to terminate the process too
early. We note that, while a random split does correspond to a
class of deployment scenarios—namely, those in which oper-
ating conditions are not controlled but arise incidentally from
the work cycles or environmental conditions within the range
covered during acquisition—it does not represent deployment
under conditions not included in that range. Since neither ap-
proach places any requirement on how the partition of D is
formed—Approach II does not access Dy at all—an evalu-
ation using a grouped or leave-one-condition-out partition is
possible using the same procedure and will be the focus of
future work.

Architecture dependence: The accuracy learning curves used
as ground truth for both approaches in this paper are obtained
with a fixed MLP architecture whose hyperparameters were

adopted from previous work. Since these learning curves
serve as the reference against which the approaches are eval-
uated, the fixed architecture is an evaluation design choice
rather than a property of the approaches themselves. How-
ever, it does limit the generality of the results reported here,
as the shape of the learning curves is architecture-dependent.
For example, for more complex models or architectures with
different inductive biases, the five fitting functions examined
may exhibit varying relative performance. The GNE criterion
of Approach Il is not affected in itself, as it requires no model
training; the accuracy achieved at its stopping point, however,
is architecture-dependent as well.

One-dimensional convolutional and recurrent architectures,
which are also widely used for diagnosing and predicting the
health of engineering systems, would typically be applied to
the raw vibration signal (one second sampled at 15.625 kHz)
rather than to the ten handcrafted features used here. Both
the architecture and the input representation would therefore
change, and the two effects cannot be separated a priori. Nev-
ertheless, since such models have to learn from a far higher-
dimensional input and since they possess substantially more
free parameters, a later onset of saturation is to be expected.
Consequently, the unbounded logarithmic function and the
power law function, unbounded depending on its parameters,
should retain their advantage up to considerably larger pgq,
whereas the upper-bounded arctan and exponential functions
may saturate prematurely more frequently. For the algebraic
root function, unboundedness would become less of a dis-
advantage, but its limited curvature flexibility—the inabil-
ity to represent the steep rise and the subsequent flattening
simultaneously—would remain decisive as soon as the ob-
served range covers both regimes. In addition, greater run-
to-run variance at small n and non-monotonic effects such as
sample-wise double descent would result in noisier learning
curve points and could violate the monotonicity assumption
shared by all five fit functions.

5. CONCLUSION AND OUTLOOK

This paper examines two complementary approaches to de-
termine whether a given dataset is sufficient for training data-
driven fault diagnosis models. The evaluation was performed
using a dataset for the classification of rolling bearing faults.

The evaluation shows that both approaches are applicable in
practice and address different aspects of the same problem.
Approach I: Extrapolation of Learning Curves enables an ex-
plicit estimation of the required amount of training data for
a given target accuracy, with reliable results for target ac-
curacies up to approximately 70 %, albeit at the cost of re-
peated model retraining. Approach II: Analysis of the En-
tropy within Data offers a simple, training-free stopping rule
that can be applied online during data acquisition but does not
allow for the direct specification of a target accuracy. Both
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approaches complement each other: Approach II can monitor
the progress of data acquisition in real time, while Approach
I provides quantitative estimates of the remaining data re-
quirement when a specific accuracy target must be achieved.
Among the remaining key challenges are the sensitivity of
the learning curve extrapolation to the choice of fitting func-
tion and fitting range, the difficulty of calibrating the GNE
threshold to a desired level of accuracy, and the limited gen-
eralizability, as both approaches were evaluated using a single
dataset.

This paper suggests several ideas for future research. First,
both approaches were evaluated using a single dataset. To as-
sess the generalizability of the results, validation using addi-
tional datasets from different application domains with vary-
ing sizes and dimensions of the feature space is required. Sec-
ond, the predictive accuracy of Approach I could potentially
be improved by imposing parameter constraints on the fitting
functions, e.g., enforcing non-negative asymptotes or lower
bounds on the saturation degree. By that, the occurrence of
implausible extrapolations may be reduced. Third, the valid-
ity of the GNE criterion could be strengthened by extending
the entropy analysis to multiple features that are evaluated
jointly or combined into a unified stopping criterion, rather
than relying on a single univariate feature. Finally, the eval-
uation presented here quantifies in-distribution sufficiency, as
discussed in Section 4.5.3. Since both approaches are in-
dependent of how Dy is defined, a grouped or leave-one-
condition-out evaluation is possible with the same procedure
and would be a valuable addition to future work.
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Figure Al. The setup used to generate the measurement data, including two rolling bearing test rigs (a) and (b), and different
types of rolling bearings used (c). The shaft position and vibration acceleration signals are recorded, along with the measuring

time. The speed is calculated from the position and time values.

Table Al. Configurations used to record the rolling bearing measurement dataset. For each combination of bearing types,

faults, speeds, and loads, ten recordings over one second are logged.

| Bearing type(") | Fault® | Speed / min! ®) | Load®
| NU204-E (a, plastic, 12, cylinder, 7.5, 20, 47) | OK/OR/IR/RE | 500/1000 | 1/2
| NU204-E (b, plastic, 12, cylinder, 7.5, 20, 47) | OK/OR/IR/RE | 500/1000 | 1/2
| NU204-E (b, metal, 9, cylinder, 7.5, 20, 47) | OK/IR/RE | 500/ 1000 | 1/2
| STO20 (b, metal, 14, needle, 3.5, 20, 47) | OK/OR/IR/RE | 500/1000 | 1/2

(D (test rig in Fig. Al, cage material, number of rolling elements, rolling element type, diameter of rolling elements /
mm, inner diameter / mm, outer diameter / mm); @ OK=healthy, OR=outer race fault, IR=inner race fault, RE=rolling
element fault; () Controlled set speed; (¥} Specified in the virtual unit “load level”. The load is set using a micrometer

screw and a rubber spring element.
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Table B1. Evaluation values of Apacc,.,

INTERNATIONAL JOURNAL OF PROGNOSTICS AND HEALTH MANAGEMENT

and the number of evaluated learning curves for Evaluation I-2 of Approach I.

AccCreq | 0.60 | 0.65 | 0.70 | 0.75 | 0.80

pac | 0.05 0.10 015 | 0.05 0.10 015 | 0.05 0.10 015 | 0.05 0.10 0.15 | 0.05 0.10 0.15
Function | Median
Algebraicroot | 0.00 -0.01 -0.02 | 0.00 0.00 0.00 0.02 0.01 0.02 0.08 0.06 0.06 0.28 026 024
Arctan 0.01 0.00 -0.01 | 0.01 0.01 0.00 0.04 0.02  0.01 0.11 0.08 0.05 0.33 0.29 0.23
Exponential 0.01 0.00 -0.01 | 0.02 0.01 0.00 0.04 0.02  0.01 0.12 0.08 0.05 034 028 0.23
Logarithmic -0.03 -0.07 -0.10 | -0.03 -0.05 -0.06 | -0.03 -0.04 -0.04 0.01 -0.01 -0.01 | 0.17 0.12  0.11
Power law -0.03 -0.06 -0.09 | -0.03 -0.05 -0.06 | -0.03 -0.04 -0.04 0.01 -0.01 0.00 0.17 0.13 0.11
Function | Width of the 5th-95th percentile interval
Algebraic root | 0.35 0.28 0.40 041 0.29 0.28 0.49 0.31 0.26 0.70 0.51 0.44 092 076  0.69
Arctan 0.27 0.25 0.37 0.29 0.22 0.36 0.35 0.28 0.42 0.55 0.46 0.59 079 074  0.81
Exponential 0.23 0.14  0.18 0.25 0.16 0.19 0.32 0.21 0.22 0.53 0.40 0.40 0.77 072 0.69
Logarithmic 0.56  0.58 0.49 0.62 0.54  0.51 0.69 0.58 0.52 0.87 0.74 0.63 1.06  0.98 0.87
Power law 0.55 0.57 0.49 0.63 0.53 0.51 0.69 0.58 0.52 0.88 0.74 0.63 1.06  0.98 0.87
Function | 5th percentile
Algebraic root | -0.30 -024 -0.34 | -033 -0.23 -0.21 -0.34  -0.19 -0.14 | -0.32 -0.16  -0.09 | -0.17 -0.06 -0.02
Arctan -021  -020 -030 | -020 -0.15 -029 | -0.18 -0.14 -029 | -0.13 -0.09 -0.24 | -001 -0.01 -0.12
Exponential -0.17 -009 -0.12 | -0.16 -0.09 -0.12 | -0.15 -0.08 -0.11 -0.10 -0.04  -0.07 | 0.01 0.02 -0.01
Logarithmic -0.52  -055 -045 | -056 -0.50 -047 | -0.57 -0.51 -0.44 | -0.56 -048  -0.38 | -040 -0.37 -0.30
Power law -0.51 -054 -045 | -056 -049 -046 | -0.57 -050 -0.44 | -0.56 -048  -037 | -039 -0.37 -0.30
Function | 25th percentile
Algebraic root | -0.05 -0.06 -0.06 | -0.05 -0.05 -0.05 | -0.04 -0.03 -0.02 0.00 0.00 0.01 0.11 0.11 0.10
Arctan -0.02 -0.04 -0.08 | -0.02 -0.02 -0.05 0.00 -0.01  -0.03 0.05 0.02 0.00 0.18 0.15 0.08
Exponential -0.02 -0.02 -0.04 | -0.01 -0.02 -0.03 0.01 0.00 -0.02 0.05 0.02 0.01 0.19  0.15 0.09
Logarithmic -0.12  -0.17 -0.19 | -0.14 -0.16 -0.18 | -0.16 -0.15 -0.13 | -0.15 -0.13  -0.09 | -0.02 -0.04 -0.02
Power law -0.12  -0.16 -0.19 | -0.14 -0.16 -0.17 | -0.16 -0.15 -0.12 | -0.15 -0.13  -0.09 | -0.01 -0.04 -0.02
Function | 75th percentile
Algebraicroot | 0.02  0.01 0.01 0.03 0.02 0.03 0.06 0.05 0.05 0.17 0.14 0.14 0.48 044 042
Arctan 0.02 002 0.02 0.04  0.03 0.03 0.08 0.06  0.04 0.20 0.16 0.13 0.53 0.47 0.42
Exponential 0.02 0.01 0.01 0.04  0.03 0.02 0.09 0.05 0.04 0.21 0.15 0.12 0.53 0.47 0.41
Logarithmic 0.01 -0.01 -0.02 | 0.01 0.00 -0.01 0.03 0.01 0.01 0.11 0.07 0.06 0.38 0.31 0.29
Power law 0.01 -0.01 -0.02 | 0.01 0.00  0.00 0.03 0.01 0.01 0.12 0.07 0.07 0.38 0.31 0.30
Function | 95th percentile
Algebraic root | 0.05 0.04  0.07 0.08 0.06 0.07 0.15 0.12  0.12 0.38 0.35 0.35 0.75 070  0.67
Arctan 0.06  0.05 0.08 0.09 0.07 0.07 0.17 0.14  0.13 0.42 0.37 0.35 0.78 0.73 0.69
Exponential 0.06  0.05 0.06 0.09 0.07 0.07 0.17 0.13 0.11 0.43 0.36 0.33 0.78 074  0.68
Logarithmic 0.04  0.03 0.04 0.06 0.04  0.04 0.12 0.07 0.08 0.31 0.26 0.25 0.66  0.61 0.57
Power law 0.04  0.03 0.04 0.07 0.04 0.05 0.12 0.08 0.08 0.32 0.26 0.26 0.67 0.61 0.57
Function | Number of evaluated learning curves
Algebraic root | 7815 1602 186 9672 4636 1047 | 10218 8882 4449 | 10095 11190 9510 | 8178 9471 9513
Arctan 6677 1188 110 8057 3384 657 8384 6477 2844 8234 7888 5903 | 6714 6506 5431
Exponential 4076 618 47 5022 18438 320 5256 3613 1482 5153 4367 3197 | 4166 3417 2817
Logarithmic 6536 1413 161 7785 4130 965 7725 7907 4149 7069 9524 8820 | 5134 7468 8466
Power law 6513 1382 159 7770 4059 947 7718 7780 4053 7073 9403 8633 | 5152 7395 8309

22



INTERNATIONAL JOURNAL OF PROGNOSTICS AND HEALTH MANAGEMENT

APPENDIX C
e ————— - 00400040 0000000000 000400000000
12000 T ;‘“QMNW 4600000000 40004 +0 60460004 E00:04
11000 e
K4
10000~ ,
4
9000~ ‘
/ — - @ - — Peak-to-peak
8000 l. — - # - — Absolute mean
r — - & - — Standard deviation
2 7000 ! — -4 - — Impulse factor
5 I — - % - — Radial load level
g 6000 [~ | — - % - — Rotational speed
= ' — - % - — Bearing type
—
5000 ‘ — - % - — Bearing type Il
| — - < - — Bearing type I
4000 ' ~= -4 - — Bearing type IV
3000 -f
1
2000 —}.
1000
0
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

Relative training subset size p

Figure C1. Frequency with which each of the ten features is selected as the most discriminative feature by the one-way ANOVA
F'-test, evaluated separately for every relative training subset size p and over all £k = 12,000 repetitions.
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Smoothing order o = 1
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Figure D1. The learning curve accuracies Acc(p) at the p; , Figure D2. Correlation between accuracy, MSE, and GNE
determined by the GNE using the threshold value ¢ and for a with rising training subset size over all &k = 12,000 repeti-
smoothing order of 0 = 1 over all k& = 12,000 repetitions, as tions and using a smoothing order of 0 = 1.

well as the corresponding accuracy deviation AAcc(p) to the

maximum accuracy achievable with the full training set. The

5th, 25th, 50th, 75th, and 95th percentiles are shown.
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Figure D3. Distribution of p;_, across all k& = 12,000 repetitions for different threshold values ¢ and for a smoothing order of
o=1
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Smoothing order o = 10
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Figure D4. The learning curve accuracies Acc(p) at the p;, Figure D5. Correlation between accuracy, MSE, and GNE
determined by the GNE using the threshold value ¢ and for a with rising training subset size over all k& = 12,000 repeti-
smoothing order of o = 10 over all k& = 12,000 repetitions, as tions and using a smoothing order of o = 10.

well as the corresponding accuracy deviation AAcc(p) to the

maximum accuracy achievable with the full training set. The

5th, 25th, 50th, 75th, and 95th percentiles are shown.
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Figure D6. Distribution of p;__, across all k& = 12,000 repetitions for different threshold values ¢ and for a smoothing order of
o= 10.
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GNE without entropy smoothing
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Figure D7. The median as well as the 5th to 95th percentile interval of the resulting GNE curves over all £ = 12,000 repetitions,
determined using the entropy curves without smoothing, i.e., 0 = 1.
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